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We study the performance of self-consistent mean-field and beyond-mean-field approximations
in shell-model valence spaces. In particular, Hartree-Fock-Bogolyubov, particle-number variation
after projection and projected generator coordinate methods are applied to obtain ground-state and
excitation energies for even-even and odd-even Calcium isotopes in the pf -shell. The standard (and
non-trivial) KB3G nuclear effective interaction has been used. The comparison with the exact solu-
tions —provided by the full diagonalization of the Hamiltonian— shows an outstanding agreement
when particle-number and angular-momentum restorations are performed and both quadrupole and
neutron-neutron pairing degrees of freedom are explicitly explored as collective coordinates.
I. INTRODUCTION
The study of the structure of the atomic nuclei from
a microscopic point of view is a very complicated task
mainly due to two interrelated problems. First, the inter-
action among the composite nucleons is rather intricate
and for a long time could not be reliably derived from first
principles. The recent advent of Effective Field Theories
in nuclear physics [1, 2] has considerably improved the
situation. The other complication arises from the number
of particles in a nucleus that is usually too large to solve
exactly the problem but not large enough to describe the
system using statistical mechanics. Therefore, one of the
keys to the theoretical description of the atomic nucleus
is the design and implementation of efficient quantum
many-body techniques.
Over the last decade, ab initio methods, which aim at
solving as exactly as possible, and in a systemically im-
provable manner, the many-body Schro¨dinger equation,
have made great progress [3–6]. In certain specific cases,
they can even reach nuclei with A ∼ 100 nucleons [7].
Their accuracy in the description of experimental data,
however, is not yet on par with what is obtained by phe-
nomenological models such as the Interacting Shell Model
(ISM) [8, 9] or the Energy Density Functional (EDF)
method [10–13].
Within the ISM framework, the problem with A nucle-
ons is reduced to a system with A′ = A−Acore particles
that are interacting in a restricted valence space. The re-
sulting Hamiltonian matrix is then directly diagonalized
to obtain the exact solutions of the reduced problem.
The valence space is normally made of a few one-body
spherical harmonic oscillator orbits and Acore is normally
a given double-magic nucleus that defines an inert core.
To this day, the ISM is the most successful method to
compute low-lying nuclear spectra of nuclei not very far
away from shell closures.
On the other hand, EDF methods consider all the
particles in the system but the many-body problem is
solved through a variational approximation. The most
advanced EDF methods, the so-called Multi Reference
EDF (MREDF) approaches, combine the Hartree-Fock-
Bogolyubov (HFB) methodology with symmetry restora-
tion and configuration mixing techniques [14]. Calcula-
tions using Skyrme, Gogny1 and covariant functionals
have been widely applied to describe various nuclear ob-
servables in the whole nuclear chart [10–13].
The broadness of the applicability of the variational
approaches is one of the main positive aspects of these
methods. However, we cannot judge in general whether
the results provided by these methods are close or far
away from the exact solutions. This indetermination
leads to an uncertainty in the theoretical results that can-
not be easily assessed. In this work, we benchmark sev-
eral variational approximation schemes against the exact
solutions using a shell-model valence space and Hamil-
tonian as a non-trivial playground. In particular, we
study the even and odd calcium isotopes in the pf -shell
using the standard KB3G nuclear interaction. The dif-
ferent approaches cover from the simplest HFB method
to the most sophisticated projected generator coordi-
nate method (PGCM) that includes particle-number and
angular-momentum restorations as well as the configura-
tion mixing along the quadrupole and pairing degrees of
freedom.
Similar implementations to the present approach have
been recently used to evaluate neutrinoless double-beta
decay nuclear matrix elements [15–17]. Some of them
consider a limited number of collective degrees of free-
dom as generating coordinates and none of them im-
plements the particle-number variation after projection
(PNVAP) method. Additionally, only even-even nuclei
were computed so far with valence-space Hamiltonian-
based GCM. A study of HFB and PNVAP potential
energy surfaces along the axial quadrupole degree of
1 In Gogny implementations, MREDF approaches are also known
as symmetry conserving configuration mixing (SCCM) meth-
ods [12, 13]
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2freedom in sd- and pf -shell even-even nuclei has been
also reported in Ref. [18] but neither angular momen-
tum restoration nor configuration mixing were performed
in that work. Moreover, Hartree-Fock (HF) total en-
ergy surfaces along quadrupole degrees of freedom have
been used to interpret ISM [19, 20] and Monte Carlo
Shell Model (MCSM) [21, 22] calculations. prominently
Also, simpler Hamiltonians like Pairing-plus-quadrupole
(PPQ) interactions have been also used in the past within
the projected shell model (PSM) framework [23, 24] and
with GCM approximations including two quasi-particle
excitations explicitly [25, 26]. Our goal is to go beyond
these simplistic Hamiltonians although, for the moment,
some single-particle degrees of freedom included in the
above methods will be omitted. Finally, we note that the
idea to build sophisticated variational approximations is
at the core of the famous variation after mean-field pro-
jection in realistic model spaces (VAMPIR) [27, 28] ap-
proach that includes the variation after projection (VAP)
onto particle number and angular momentum simultane-
ously. The angular-momentum variation after projection
although highly desirable is numerically very intensive in
the general case, i.e. considering many states without any
symmetry restrictions and projected onto other quantum
numbers, and therefore is not considered here.
The paper is organized as follows. First, in Sec. II,
we define the valence space, the Hamiltonian, and the
different variational approaches used in this work. Then,
in Sec. III, we show how these methods are implemented
using the nucleus 48Ca as an example. From there, we
extend the study to the rest of even and odd calcium
isotopes. Finally, a summary and outlook is given in
Sec. IV.
II. THEORETICAL FRAMEWORK
A. Basic principles
Let us first consider a model space spanned by a set
of harmonic oscillator single-particle states {φa}, asso-
ciated with the set of creation and annihilation opera-
tors
{
ca; c
†
a
}
, which are characterized by their principal
quantum number na, orbital angular momentum la, spin
sa = 1/2, total angular momtum ja and its third compo-
nent mja , and isospin ta = 1/2 and its third component
mta .
2 For the sake of clarity, we use the shorthand no-
tation a ≡ (na, la, sa, ja,mja , ta,mta).
Given this model space, the Hamiltonian3 of the sys-
tem reads
Hˆ =
∑
ab
tabc
†
acb +
1
(2!)2
∑
abcd
v¯abcdc
†
ac
†
bcdcc, (1)
2 We use as a convention mta = −1/2 for proton single-particle
states and mta = +1/2 for neutron single-particle states.
3 The inclusion of three- or higher-body forces would not pose any
conceptual problem.
where tab are one-body matrix elements and v¯abcd are
(antisymmetrized) two-body matrix elements.
In the present work, the model space under considera-
tion is restricted to the valence space made of the pf -shell
spherical orbits (0f7/2, 1p3/2, 1p1/2 and 0f5/2). As for the
Hamiltonian, we use the matrix elements of the KB3G
interaction [29], which in particular provides us with the
single-particle energies tab = aδab.
In such a small model space, it is possible to solve ex-
actly the many-body Schro¨dinger equation for any given
numbers of valence protons, Z, and neutrons, N , by
performing a direct diagonalization of the Hamiltonian
matrix in the many-body basis made of all A′-particles
Slater determinant, with A′ = Z + N . This is the stan-
dard ISM framework and, in this work, the ISM solutions
are obtained using the code ANTOINE developed by the
Strasbourg-Madrid collaboration [8].
On the other hand, the number of configurations and,
correspondingly, the dimensions of the Hamiltonian ma-
trices increase combinatorially with the number of active
particles and the size of the valence space. This fact for-
bids the calculation of exact solutions in the general case
and, therefore, approximate methods are in order. One
of the most widely used is the PGCM [10, 13, 30] within
which the nuclear many-body wave functions are taken
to be linear combinations of the form
|ΨJMNZpiσ 〉 =
∑
qK
fJMNZpiσ;qK P
J
MKP
NPZPpi|Φ(q)〉, (2)
where {|Φ(q)〉} are the so-called intrinsic states, assumed
here to be Bogolyubov quasi-particle states, PN(Z) is the
projector onto good number of neutrons (protons), P JMK
is the angular momentum projection operator, Ppi is the
parity projector. The precise form of the projection op-
erators can be found somewhere else [10, 30, 31]. For the
sake of clarity, we regroup the set of quantum numbers
under the label Γ ≡ (JMNZpi). The coefficients fΓσ;qK
are obtained by solving the Hill-Wheeler-Griffin (HWG)
equations [30]∑
q′K′
(HΓqK,q′K′ − EΓσNΓqK,q′K′) fΓσ;q′K′ = 0, (3)
where we have defined the Hamiltonian and norm over-
laps matrices
HΓqK,q′K′ = 〈Φ(q)|HˆP JKK′PNPZPpi|Φ(q′)〉, (4a)
NΓqK;q′K′ = 〈Φ(q)|P JKK′PNPZPpi|Φ(q′)〉. (4b)
The associated generalized eigenvalue problem can be
transformed into a normal eigenvalue problem by remov-
ing the linear dependencies of the original set of projected
states
{
P JMKP
NPZPpi|Φ(q)〉}. Hence, the nuclear states
given in Eq. (2) are expressed in the so-called natural ba-
sis that is obtained by finding first the eigenvalues and
eigenvectors of the norm overlap matrix∑
q′K′
NΓqK,q′K′uΓλ;q′K′ = nΓλuΓλ;qK , (5)
3then, the orthonormal states are defined as
|ΛΓλ〉 =
∑
qK
uΓλ;qK√
nΓλ
P JMKP
NPZPpi|Φ(q)〉, (6)
where we set a threshold for the smallest norm overlap
matrix eigenvalue, nΓλ > . The nuclear states, Eq. (2),
can now be written as
|ΨΓσ〉 =
∑
λ
GΓσ;λ|ΛΓλ〉, (7)
and the HWG equations∑
λ′
〈ΛΓλ|Hˆ|ΛΓλ′〉GΓσ;λ′ = EΓσGΓσ;λ. (8)
Finally, the energies EΓσ computed with the PGCM
method are approximations to the exact eigenvalues of
Hˆ. In addition, the coefficients GΓσ;λ can be used to
evaluate the collective wave functions, occupation num-
bers, transition probabilities, electromagnetic moments,
etc. [10, 13].
We note in passing that our Hamiltonian-based
method is free from the problems of self-interaction and
self-pairing appearing in MR EDF calculations [32–35],
which in particular implies that all the direct, exchange
and pairing terms are included. Also, to compute the
norm overlap between two quasi-particle vacua, we use
the Pfaffian method [36, 37] with the numerical routines
published in Ref. [38]. Other methods have been recently
proposed [39, 40].
B. Generation of the intrinsic states
The quality of the PGCM approach relies heavily on
the richness of the underlying set of selected intrin-
sic wave functions {|Φ(q)〉}. In the present case, all
of them are Bogolyubov quasi-particle wave functions,
i.e. they are vacua for a set of quasi-particle opera-
tors
{
βa(q);β
†
a(q)
}
defined through unitary linear Bo-
golyubov transformations(
β(q)
β†(q)
)
=W†(q)
(
c
c†
)
, (9)
where
W(q) ≡
(
U(q) V ∗(q)
V (q) U∗(q)
)
. (10)
The matrices U(q) and V (q) are variational parameters
that are obtained by solving either HFB or particle-
number variation after projection (PNVAP) equations
(see below). There are several aspects that characterize
a set of intrinsic states. First, the above transformations
can be restricted and the quasi-particles would fulfill cer-
tain self-consistent symmetries. In the present work, we
allow for general HFB transformations without any re-
striction except for the fact that the matrices U(q) and
V (q) are kept real. In particular, angular-momentum,
particle-number and parity symmetry breaking, as well
as proton-neutron mixing are allowed. The latter is key
to include proton-neutron pairing in the wave functions
and it is normally ignored in most of the EDF calcula-
tions. However, it will be irrelevant in the study of the
calcium isotopic chain within the pf -shell since only neu-
trons are involved in the valence space. Moreover, all the
single-particle orbits in the pf -shell have negative par-
ity and, therefore, only positive (negative) parity states
can be obtained for even (odd) nuclei. As a consequence,
parity is not broken by the HFB transformations and the
parity projection is not needed.
Second, we distinguish between HFB and VAP ap-
proaches [30] depending on the definition of the energy
minimized in the variational process. In this study, we
perform either HFB or PNVAP calculations. The PN-
VAP method is variationally better for ground state ener-
gies, provides larger pairing correlations and is free from
spurious phase transitions in the pairing channel that oc-
cur in HFB approaches [32, 41, 42]. Nevertheless, we will
compare the results obtained by PGCM schemes using
both HFB and PNVAP underlying states. In both cases,
the gradient method [43, 44] complemented by a momen-
tum term [45] is used to solve the non-linear equations
at hand.
The intrinsic wave functions of nuclei with an odd num-
ber of particles are obtained by the blocking method to
ensure their correct (odd) number-parity symmetry [30].
The solution of the variational equations could depend on
the initial blocked state (the seed wave function needed
to start the calculation) [31, 46]. This is particularly
important in HFB calculations where local minima that
correspond to ground or excited states could be obtained
by the gradient method. In the present work, we try
several blocked initial configurations. Then, we take the
configuration that gives the lowest energy after conver-
gence as the actual solution. On the other hand, PNVAP
calculations are much less dependent on the choice of the
seed state and the gradient method leads normally to
the absolute minimum. The choice to select only the
lowest self-consistent quasi-particle state for given set of
constraint may warrant, a priori, a good variational ex-
ploration of excitated states. But as we will see later on,
we obtain an excellent agreement with the exact results
also for those states.
The third important aspect about the definition of the
set of intrinsic states is the selection of the collective co-
ordinates, q. Hence, the variational equations are solved
with constraints, i.e., the energy that is minimized is
modified with Lagrange multipliers. These terms ensure
that the conditions 〈Φ(q)|Qˆ|Φ(q)〉 = q are fulfilled (Qˆ are
the operators associated to the collective coordinates).
The most important collective degrees of freedom present
in realistic nuclear interactions are the lowest multipole
deformations, particularly the quadrupole deformations,
4and pairing [47]. The former can be explored by im-
posing constraints in the values of the mass quadrupole
operators
Qˆ2µ = r
2Y2µ(θ, ϕ), (11a)
q20 = 〈Φ(q)|Qˆ20|Φ(q)〉, (11b)
q21 =
1
2
〈Φ(q)|Qˆ21 − Qˆ2−1|Φ(q)〉, (11c)
q22 =
1
2
〈Φ(q)|Qˆ22 + Qˆ2−2|Φ(q)〉. (11d)
In the present calculations, we always set q21 = 0. In
such a case, we can also define the parameters β2 and γ
as
q20 = Cβ2 cos γ, (11e)
q22 =
√
2Cβ2 sin γ, (11f)
where C =
3r20A
5/3
8pi , r0 = 1.2 fm and A is the total mass
number (including core and valence space particles). Ad-
ditionally, electromagnetic transitions and moments are
calculated with the effective charge ep for protons and
en for neutrons. In the pf -shell, we choose the stan-
dard values 1.5 and 0.5 for protons and neutrons, respec-
tively [8, 9].
Pairing degrees of freedom can be explored by con-
straining the expectation value of a pair creation opera-
tor with respect to the intrinsic states. In this work, we
use an operator that couples pairs within a given orbit
a˘ ≡ (na, la, ja, sa, ta) to a good total angular momentum
J and total isospin T [48, 49][
Pˆ †
]JT
MJMT
=
∑
a˘
[
Pˆ †a˘
]JT
MJMT
=
1√
2
∑
a˘
√
2ja + 1
[
c†a˘c
†
a˘
]JT
MJMT
(12)
where the creation operators are JT -coupled according
to[
c†a˘c
†
b˘
]JT
MJMT
=
1√
1 + δjajb
∑
mjamjb
mtamtb
〈jamjajbmjb |JMJ〉
× 〈 12mta 12mtb |TMT 〉c†ac†b.
(13)
Both isoscalar (T = 0, J = 1) pn-pairing and isovector
(T = 1, J = 0) pp-, nn-, and pn-pairing can be explored
with these operators. In this work, we only study the
nn-pairing channel (T = 1, MT = 1, J = 0, MJ = 0)
because only neutrons are present in the calcium chain
in the pf -shell, i.e., the intrinsic wave functions can be
constrained to
δnn =
1
2
〈Φ(q)|
[
Pˆ
]01
01
+
[
Pˆ †
]01
01
|Φ(q)〉. (14)
In Table I, we summarize and label the different PGCM
schemes that are examined in the present work depend-
ing on the type of energy minimization scheme used
TABLE I. Different PGCM approximation schemes used to
compute the structure of calciums isotopes.
Label Energy minimization Collective coordinates
PGCM1 HFB (β2, γ)
PGCM2 PNVAP (β2, γ)
PGCM3 PNVAP (β2, γ, δnn)
(HFB or PNVAP) and the collective coordinates ex-
plored. In all cases, particle-number (proton and neu-
tron) and angular-momentum (three Euler angles) pro-
jections were performed. The number of integration
points taken to discretize the integrals over the gauge
and Euler angles was large enough as to ensure a full
convergence in the nominal expectation values of the
particle-number and angular-momentum operators com-
puted with the GCM wave functions (Eq. (2)). The
PGCM calculations were performed using the newly de-
veloped software TAURUS [50].
III. RESULTS
A. 48Ca
In this section, we illustrate our methodology taking
the nucleus 48Ca as an example. It is noteworthy that,
as it will be demonstrated below, it represents one of the
most difficult cases for our model.
As mentioned in the previous section, the first step in
our method is the construction of a set of quasi-particle
states through a series of constrained HFB/PNVAP cal-
culations. It is important to point out that in a restricted
valence space the range of admissible values for the con-
straints is much more limited than in a no-core imple-
mentation. Indeed, working with a handful of particles
and single-particle states, it is not possible to build a
many-body wave function that satisfies any arbitrary val-
ues of the constraints. For example, the largest β2 value
reachable in the model space is quite small compared to
the values used in traditional EDF calculations. In the
present work, the bounds of the constraints are deter-
mined heuristically.
The total energy as a function of the quadrupole de-
grees of freedom, (β2, γ), is represented in Fig. 1. On the
top panels, the HFB (Fig. 1(a)) and PNVAP (Fig. 1(b))
total energy surfaces (TES) are shown. As expected in
this doubly-magic nucleus, in both cases the absolute
minimum is located at the spherical configuration and the
energy rises quickly with β2 and is almost independent
of γ; also we observe that the PNVAP surface is slightly
softer. At the spherical point, the pairing collapses in
the HFB calculation, which is thus reduced to a plain HF
minimization. By contrast, including pairing correlations
through the PNVAP permits to gain about 750 keV extra
binding energy. However, the main differences between
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FIG. 1. (color online) Total energy surfaces (TES) as a func-
tion of the quadrupole degrees of freedom, (β2, γ) calculated
for the nucleus 48Ca using the following approaches: (a) HFB,
(b) PNVAP, and their corresponding particle-number and an-
gular momentum projected (PNAMP, J = 0) total energy
surfaces, (c) HFB+PNAMP and (d) PNVAP+PNAMP. Sur-
faces are normalized to their respective minimum, i.e., (a)
-6.446 MeV, (b) -7.195 MeV, (c) -6.896 MeV and (d) -7.209
MeV. Contour lines are separated by 0.2 MeV.
the two approaches are found whenever the particle-
number and angular momentum projection (J = 0) are
performed on their respective intrinsic states. In the PN-
VAP+PNAMP case (Fig. 1(d)), we obtain an interval in
β2 ∈ [0.0, 0.1] where the TES is almost flat independently
of the γ degree of freedom. The energy gain is small with
respect to the spherical minimum obtained previously.
On the other hand, the HFB+PNAMP results also show
some γ-softness but the absolute minimum is found at
larger prolate deformations. Moreover, the energy gain
is larger (740 keV) due to the particle-number projection
that is not present in the HFB approach. Nevertheless,
such an energy is still 300 keV above the energy obtained
by a PNVAP+PNAMP method. The exact ground state
provided by the ISM diagonalization (E(0+1 ) = −7.569
MeV) is still below these minima (see caption of Fig. 1).
We now study the role of the nn-pairing correlations.
To better visualize the influence of this degree of free-
dom, we display in Fig. 2 the results performing PNVAP
calculations with constraints on the axial quadrupole de-
formation (β2, γ = 0
◦ or 180◦) and the isovector pairing
content (δnn) defined in Eq. (14). In Figure 2(a), we show
the intrinsic nn-pairing energy [30], Epair = − 12Tr (∆κ∗),
calculated using the PNVAP intrinsic wave functions
without any projections.4 We observe that the pairing
4 i.e. using the pairing density κab = 〈Φ|cbca|Φ〉 and the pairing
field ∆ab =
1
2
∑
cd v¯abcdκcd.
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FIG. 2. (color online) (a) Intrinsic pairing energy, (b) particle-
number projected and (c) particle-number and angular-
momentum projected (J = 0) total energy surfaces as a func-
tion of the axial quadrupole (β2, γ = 0
◦ or 180◦) and nn-
pairing (δnn) degrees of freedom calculated for the nucleus
48Ca using the PNVAP intrinsic wave functions. The sign of
the pairing energy has been inverted and the total energy sur-
faces are normalized to their minima (-7.195 MeV and -7.221
MeV, respectively). Contour lines are separated by 0.2 MeV.
energy grows monotonically with increasing values of δnn
and is also almost independent of β2 (contour lines are
horizontal). Therefore, the effect of varying the parame-
ter δnn is just a way of changing the pairing content of the
intrinsic wave functions [51]. Concerning the total ener-
gies (Figs. 2(b)-(c)), we observe a similar behavior to the
(β2, γ) case when we compare the PNVAP and the angu-
lar momentum projected (J = 0) surfaces. In the former,
a distinct minimum around the spherical point (β2 = 0)
and δnn ∈ [1.5, 3.5] is found. This surface is softer in
the pairing direction than in the quadrupole direction.
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FIG. 3. (color online) Energy spectrum for 48Ca calculated
exactly (within the ISM framework) and with PGCM meth-
ods using the KB3G interaction in the pf -shell.
The angular momentum projection, however, produces a
much flatter TES (Fig. 2(c)) although slightly lower en-
ergies are obtained for larger values of δnn. The energy
difference between the minimum before and after projec-
tion is rather small (∼ 26 keV). This behavior, together
with the degeneracy also found in the angular momen-
tum projected surface in the (β2, γ) plane, suggests that
all these degrees of freedom should be taken into account
simultaneously in a GCM calculation.
We compare now the different PGCM calculations (see
Table I) performed for the nucleus 48Ca with the exact
results provided by the ISM framework. In Figure 3,
the lowest eigenvalues for angular momenta J = 0, 2,
3, 4 and 6 are shown. We first notice that all of the
PGCM approaches are variational approximations to the
exact solution plotted on the right, i.e., the energies are
all above the energies obtained from the diagonalization
of the Hamiltonian. We clearly see an improvement of
the results whenever PNVAP rather than HFB intrin-
sic wave functions are used (from PGCM1 to PGCM2).
Additionally, the explicit exploration of the pairing cor-
relations (PGCM3) provides even closer results to the
exact solutions. In fact, the difference between the ex-
act and PGCM3 ground-state energies is 119 keV show-
ing the ability of these methods to approach the ex-
act values. The reproduction of excited states with a
larger value of angular momentum, however, is not as
good as for the ground state. In particular, we found
that the 3+ state is particularly sensitive to the varia-
tional approach. This effect can be understood as our
minimization schemes probe primarily the ground-state
energy. Such a deficiency can be corrected within the
TABLE II. Reduced transition probabilities, B(E2), and elec-
tric spectroscopic quadrupole moments, Q, calculated with
different methods using proton (1.5) and neutron (0.5) effec-
tive charges. The B(E2) are given in units of e2fm4 whereas
the Q are expressed in units of efm2.
PGCM1 PGCM2 PGCM3 ISM
B(E2 : 2+1 → 0+1 ) 12.7 12.7 12.7 11.5
B(E2 : 2+1 → 0+2 ) 0.8 0.9 1.0 1.0
B(E2 : 2+2 → 0+1 ) 0.0 0.0 0.0 0.0
B(E2 : 2+2 → 0+2 ) 30.4 24.5 23.0 21.6
B(E2 : 4+1 → 2+1 ) 5.6 5.7 2.5 2.0
Q(2+1 ) +5.0 +4.8 +4.4 +4.1
Q(2+2 ) -11.4 -9.8 -9.3 -8.6
Q(4+1 ) +10.8 +9.1 +8.3 +7.5
PGCM framework by enlarging the initial set of quasi-
particle wave functions with: a) intrinsically rotating
states through cranking calculations [52, 53]; and/or,
b) multi-quasi-particle excitations obtained through the
blocking mechanism [25, 26]. Both improvements will be
explored in the future but are beyond the scope of the
present work.
Electric quadrupole transitions and moments are also
computed and the results of the most relevant ones are
written in Table II. We observe a slight overestimation of
the exact results in most of the transitions and moments.
Furthermore, the PGCM3 method shows, as expected,
the best agreement, and lower values of the spectroscopic
quadrupole moments are obtained whenever the pairing
correlations are better described (PNVAP vs. HFB min-
imization).
We now analyze two complementary aspects of the nu-
clear wave functions obtained by the PGCM framework,
namely, the collective wave functions (c.w.f.) and the oc-
cupation numbers of the spherical single-particle orbits.
The c.w.f. are useful quantities to reveal the role of the
different collective degrees of freedom explored with con-
strained calculations and they are routinely computed in
MREDF methods based on Skyrme, Gogny, and covari-
ant functionals. These functions give the most relevant
contributions of the collective coordinates in each indi-
vidual nuclear state [10, 13, 30] and are defined as
∣∣FΓσ (q)∣∣2 = ∣∣∣∣∑
Kλ
GΓσ;λu
Γ
λ;qK
∣∣∣∣2. (15)
In Figure 4, we plot the c.w.f. for 0+1,2, 2
+
1,2 and 4
+
1,2
states in the (β2, γ) plane computed with the PGCM2
method. We first note that the ground state is flat in al-
most the whole range of deformations although the max-
imum contribution is found around the spherical point,
as we could expect for a doubly-magic nucleus. This be-
havior is consistent with the degeneracy of the projected
TES (Fig. 1(d)). The 2+1 c.w.f. is also rather smooth
and we find a considerable mixing of oblate and γ = 20◦
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FIG. 4. (color online) Collective wave functions, |FΓσ (q)|2
(eq. (15)) in the q = (β2, γ) plane for the lowest 0
+, 2+ and
4+ states in 48Ca computed with the PGCM2 approximation.
These functions are normalized to
∑
q |F γσ (q)|2 = 1.
deformed states at the edges of the available β2 defor-
mations. The rest of the c.w.f. represented in Fig. 4 are
also localized at (or nearby) the border of the β2 coor-
dinate. Moreover, they show a rather sharp behavior
which means that only very few intrinsic states actually
contribute to the building of the nuclear states. We re-
call that the limits in β2-values are determined by the
maximum value that gives a convergent PNVAP solution.
Finally, prolate deformed c.w.f. with a similar structure
are obtained for the 0+2 , 2
+
2 and 4
+
3 (not shown) states.
However, the 4+1 , 4
+
2 excited states are mainly located at
specific γ = 60◦, 40◦ values, respectively, and, to a lesser
extent, at other β2 > 0.1 deformations.
It is important to note that prolate or oblate configu-
rations of the 2+ and 4+ states obtained here are consis-
tent with their values for the spectroscopic quadrupole
moments given in Table II. For example, the 2+2 state is
predominantly prolate deformed and the Q(2+2 )-value is
negative, and so on.
Similar conclusions can be extracted from the c.w.f.
given by the PGCM3 method. In Fig. 5 we show such
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FIG. 5. (color online) Collective wave functions, |FΓσ (q)|2
(eq. (15)) in the q = (β2, δnn) plane for the lowest 0
+, 2+
and 4+ states in 48Ca computed within the PGCM3 approx-
imation. These functions are normalized to
∑
q |FΓσ (q)|2 = 1.
quantities in the (β2, δnn) plane with only axial deformed
intrinsic states to simplify the discussion. The ground
state is almost flat around β2 ∈ [−0.1, 0.1] with a mild
dependence on δnn. Again, the 0
+
2 and 2
+
2 c.w.f. are func-
tions located at the prolate edge with two sharp peaks,
one at the largest and the other at the smallest pairing
values. This topology is also seen in the 2+1 c.w.f. that
is found at the oblate edge of the plot, consistently with
the 2+1 state obtained by the PGCM2 approach discussed
above. In fact, the only significant difference between the
c.w.f. calculated with the two approaches is found in the
4+1 state. Here, both oblate states and a sharp region
around prolate (β2 = 0.14) and small-pairing values are
present in this c.w.f. while in the (β2, γ) plane the oblate
configuration is the predominant one.
Interestingly, these c.w.f. (Figs. 4- 5) largely differ from
those usually obtained by EDF calculations where, in
general, the distributions found are smoother and better
behaved at the boundaries [10–13]. One possible explana-
tion is that in EDF calculations we have access to many
more single-particle orbits that can evolve with the col-
lective degrees of freedom following a Nilsson-like behav-
8ior. Such a picture allows for extending the exploration
of these collective coordinates up to much larger values
with the c.w.f. decaying progressively to zero.
More information can be learnt about the content of
the correlated wave functions by computing their occu-
pation numbers, i.e. the number of particles in a given
mt-orbit aˇ ≡ (a˘,mt),
nΓσaˇ = 〈ΨΓσ|nˆaˇ|ΨΓσ〉, (16)
where
nˆaˇ =
∑
b
c†bcb δb˘a˘ δmtbmt , (17)
and comparing the values to the decomposition of the
exact eigenstates as obtained by the ISM calculations.
A similar analysis was made in Ref. [54] in the context
of nuclear EDF methods. The results are shown in Ta-
ble III for the nuclear states discussed above. The differ-
ences among the various PGCM schemes are small but
the best agreement with the exact results is consistently
given by the PGCM3 approach. In fact, this approach is
very close to the ISM results and reproduces very well the
particle-hole structure of the ground and excited states.
In particular, the ground state shows almost a pure f7/2
closed-shell configuration, the 0+2 and 2
+
2 states are 2p-2h
excitations in the f7/2-p3/2 orbits, the 2
+
1 and 4
+
1 states
display 1p-1h configurations also in these orbits, and, fi-
nally, the 4+2 state exhibits a 1p-1h configuration in the
f7/2-f5/2 orbits. Therefore, the excitations found in this
nucleus have, within our particular choice of basis, a well-
defined single-particle nature. In addition, it is interest-
ing to note that those kind of particle-hole configurations
can be grasped by exploring a priori collective degrees
of freedom such as quadrupole deformations and pairing
correlations. Actually, this observation together with the
shapes of the collective wave functions displayed above
seem to indicate that, in this small valence space, these
variables are just useful tools to generate highly corre-
lated intrinsic states and the meaning of ”collectivity” is
blurred.
B. Calcium isotopic chain
We now turn our attention towards the results ob-
tained along the whole calcium isotopic chain in the pf -
shell. In Fig. 6(a) we represent the ground-state ener-
gies for even-even and odd-even calcium nuclei computed
exactly and with the different variational schemes. We
see that the results are almost indistinguishable at the
scale that reflects the absolute ground-state energies. To
better visualize the accuracy of the different variational
methods, we plot the difference between the approxi-
mate and exact energies, ∆Eg.s. = E
approx
g.s. − EISMg.s. , in
Fig. 6(b). Here, we observe a better agreement with the
exact result at the edges of the valence space than in the
middle. As we will discuss below, the dimensions of the
TABLE III. Occupation numbers computed for the two lowest
0+, 2+ and 4+ states in 48Ca using the ISM method and the
different PGCM schemes.
Jpiσ orbit PGCM1 PGCM2 PGCM3 ISM
0+1 f7/2 7.84 7.81 7.81 7.80
p3/2 0.10 0.08 0.08 0.07
f5/2 0.04 0.09 0.09 0.11
p1/2 0.02 0.02 0.02 0.02
0+2 f7/2 5.89 5.84 5.84 5.82
p3/2 1.44 1.64 1.75 1.80
f5/2 0.15 0.18 0.15 0.17
p1/2 0.52 0.34 0.26 0.21
2+1 f7/2 6.80 6.77 6.77 6.77
p3/2 1.07 1.07 1.05 1.08
f5/2 0.09 0.12 0.14 0.11
p1/2 0.04 0.04 0.04 0.04
2+2 f7/2 5.86 5.85 5.87 5.85
p3/2 1.44 1.63 1.71 1.78
f5/2 0.15 0.14 0.12 0.13
p1/2 0.55 0.38 0.30 0.24
4+1 f7/2 6.66 6.59 6.83 6.83
p3/2 1.15 1.12 1.06 1.03
f5/2 0.13 0.23 0.08 0.11
p1/2 0.06 0.06 0.03 0.03
4+2 f7/2 6.63 6.60 6.79 6.82
p3/2 0.43 0.37 0.17 0.09
f5/2 0.11 0.15 0.10 0.11
p1/2 0.83 0.88 0.94 0.98
Hamiltonian matrices are the largest in the mid-shell and
there will be configurations that cannot be captured only
exploring the collective degrees of freedom studied here.
The worst approximation is given by the HFB method,
as expected, where a slight odd-even staggering is found.
The smallest (largest) difference is 0.24 MeV (1.76 MeV)
obtained in the nucleus 42Ca (52Ca). The staggering is
magnified in the results provided by the PGCM1 method
that uses precisely the HFB intrinsic wave functions to
define the subspace within which the GCM states are
constructed. In this case, the even nuclei are better de-
scribed than their odd neighbors except for the isotopes
at the edges (42−45,56−58Ca) where the PGCM1 approx-
imation gives ground state energies very close to the ex-
act solution (for 42,43,57,58Ca they are on top of the ISM
results). Using the PGCM1 method, the largest differ-
ence is reduced to 1.01 MeV found in the isotope 51Ca.
Smaller and smoother energy differences are obtained by
PNVAP approaches (PNVAP itself and PGCM2,3). In
particular, the superior treatment of pairing correlations
in PNVAP approaches allows them to describe even- and
odd-mass isotopes on an equal footing, i.e. there is no
odd-even staggering in those cases. By constrast, HFB is
a poor approximation whenever pairing correlations are
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FIG. 6. (color online) (a) Ground state energy and (b) energy
difference between the approximate and exact ground state
energies computed for the calcium isotopic chain (42−60Ca)
with different variational approaches (HFB (brown filled
boxes), PNVAP (magenta filled triangles), PGCM1 (blue cir-
cles), PGCM2 (red filled diamonds) and PGCM3 (green aster-
isks)). Exact results (ISM) are represented by a black dashed
line.
weak, e.g. odd number parity states due to the blocking
effect. In the best case, namely, the PGCM3 scheme, we
obtain a largest difference of 0.24 MeV (at 51Ca) prov-
ing the ability of these variational methods to approach
closely the exact ground states.
We can also analyze the capability of these methods to
reproduce the low-lying excitation spectra. In that order,
the excitation energies of the lowest states computed with
ISM and PGCM methods are displayed as a function of
the angular momentum in Fig. 7 and Fig. 8 for even and
odd calcium isotopes, respectively. The overall agree-
ment with the exact results is again very good and the
quantitative behavior of the excitation energies is well re-
produced. In fact, the ISM solutions are obtained exactly
at the edges of the valence space even with PGCM1,2 ap-
proaches. The quantitative agreement deteriorates in the
mid-shell but it is improved by the inclusion of the pair-
ing fluctuations within the PGCM3 method. We also
notice in that case a better description of the exact spec-
tra in odd-mass nuclei. The effect of pairing on the final
spectra can be studied by comparing the PGCM approx-
imations based on the HFB solutions with those based
on the PNVAP ones. For even-mass nuclei, the PGCM1
approach produces systematically larger excitation ener-
gies in even nuclei that are subsequently reduced in the
PGCM2,3 methods. For odd-mass nuclei, the PGCM2
approach gives systematically larger excitation energies
that are corrected once the pairing fluctuations are in-
cluded. Consequently, the PGCM3 calculations provide
almost the exact spectra in the odd calcium isotopes.
For even-mass isotopes, we display in Fig. 9 the sys-
tematics of the lowest excitations with an even value of J .
Again, we observe a very good reproduction of the exact
results by the PGCM methods. In particular, these ap-
proximations are able to reproduce the main trends, e.g.,
the peaks at N = 28 and 32 in the 2+1,2 states associated
to shell closures, the sudden decrease of the 0+2 energy
at N = 34, or the bell-shaped 4+1 excitation energies.
However, the PGCM1,2 approximations have problems
in describing the 0+2 and 4
+
1 excitation energies in the
vicinity of 48Ca. This discrepancy is partially corrected
by the addition of the pairing fluctuations (PGCM3) al-
though there is some room left to improvements, which
could be corrected through the inclusion of additional
degrees of freedom such as the rotational frequency or
the explicit multi-quasi-particle excitations. Neverthe-
less, the PGCM3 approximation is almost on top of the
exact results in most of the excitation energies shown in
Fig. 9.
The study of the occupation numbers performed above
for 48Ca can be extended to all even calcium isotopes.
For the sake of simplicity, we only represent in Fig. 10
the difference between the ISM and the PGCM2 methods
for the two first 0+ and 2+ states. We observe that the
difference for the ground and the 2+1 states are almost
negligible in the whole isotopic chain. Slightly larger dif-
ferences are found for 0+2 and 2
+
2 in the mid-shell nu-
clei (46−52Ca), consistently with the discrepancies shown
above for ground and excited state energies. However,
these differences are smaller than 0.2 particles in most
of the cases. Therefore, these results prove the ability
of the PGCM methods to describe the underlying single-
particle structure of the nuclear wave functions by explor-
ing coordinates that depict, a priori, collective degrees of
freedom.
These results suggest that, for all the values of the an-
gular momentum J examined here, the lowest eigenstates
of the full many-body Hilbert J-subspaces can be well
approximated by the variational mixing of few selected
correlated many-body states. As described in Sec. II, our
approximated wave functions are built as optimal super-
positions of the symmetry-projected quasi-particle states
included in our trial set. This is equivalent to the diago-
nalization of the Hamiltonian in the subspace spanned by
the set of projected states
{
P JMKP
NPZPpi|Φ(q)〉,∀ qK}.
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FIG. 7. (color online) Excitation energies as a function of the angular momentum calculated with ISM (black bullets), PGCM1
(blue circles), PGCM2 (red filled diamonds) and PGCM3 (green asterisks) for even calcium isotopes.
In practice, however, due to the linear redundancy among
the projected states, the dimension of the subspace
within which the Hamiltonian is effectively diagonalized
is much smaller. In Table IV, we compare the dimensions
of the exact diagonalization using Slater determinants
coupled to J with the dimensions of the GCM diagonal-
ization using the natural basis states for even and odd
calcium isotopes (the dimensions are symmetric with re-
spect to particles and holes). For simplicity, we compare
again only the PGCM2 and ISM methods. The number
of intrinsic states, |Φ(β2, γ)〉, is 50 in this case. Since
K-mixing is also performed, the actual number of states
mixed within the GCM framework for each angular mo-
mentum is 50 × (2J + 1). We observe in Table IV a
large reduction of this number whenever the correspond-
ing natural bases are extracted, i.e., a substantial redun-
dancy given by the linear dependence of the projected
states is obtained. It is important to point out that at
the edges of the valence space (42−58Ca, 43−57Ca) the di-
mensions of the natural bases are the same or almost
the same as the bases built with Slater determinants
coupled to J . Therefore, in those cases the ISM and
PGCM methods are necessarily equivalent and that ex-
plains the perfect agreement between exact diagonaliza-
tions and the variational approaches. However, for sys-
tems in the mid-shell, the number of many-body states
in the natural bases are two orders of magnitude smaller
than the shell-model bases and still the description is very
good. Some pros and cons of this procedure can be men-
tioned. The main advantage of the PGCM methods are
their scalability with the number of configurations/shells
in the valence space. In this sense, these methods can
be used in a broader context. We also see that these
techniques are straightforwardly extendable by includ-
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FIG. 8. (color online) Same as Fig. 7 but for odd calcium
isotopes.
ing additional degrees of freedom (pairing fluctuations,
cranking terms, explicit quasi-particle excitations), even
though the ground states are rather well approximated
by including only the most relevant variables (quadrupole
and pairing). However, the addition of more constraints
is also costly from a computational point of view and
the method can be eventually as complicated as the full
diagonalization. We also observe a poorer description
of the exact results in those systems where the number
of Slater determinants is very much larger than the di-
mension of the corresponding natural basis (e.g., states
in 46−54Ca). Concerning the latter point, it is obvious
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FIG. 9. (color online) Excitation energies for even calcium iso-
topes in the pf -shell computed exactly and with PGCM1,2,3
variational approximations.
TABLE IV. Dimensions of the Hamiltonian matrices for ISM
(value on the left) and PGCM2 (value on the right) in even
(top) and odd (bottom) calcium isotopes in the pf -shell.
J 42 or 58 44 or 56 46 or 54 48 or 52 50
0 4 | 4 28 | 7 137 | 7 347 | 9 468 | 9
2 8 | 7 94 | 16 512 | 14 1390 | 20 1935 | 20
4 6 | 6 99 | 21 615 | 20 1755 | 28 2468 | 13
6 2 | 2 59 | 17 462 | 17 1426 | 26 2051 | 8
J 43 or 57 45 or 55 47 or 53 49 or 51
1/2 12 | 9 107 | 10 415 | 12 790 | 12
3/2 25 | 18 198 | 21 764 | 26 1484 | 15
5/2 28 | 21 253 | 25 1005 | 37 1965 | 30
7/2 27 | 21 271 | 23 1121 | 24 2215 | 32
9/2 23 | 22 252 | 41 1091 | 45 2214 | 38
11/2 16 | 16 211 | 34 974 | 45 2017 | 35
13/2 8 | 8 153 | 33 783 | 39 1669 | 28
15/2 5 | 5 105 | 25 577 | 33 1284 | 21
that only few (out of the total) number of nuclear states
for a given angular momentum can be obtained by the
current implementations of the PGCM method. Never-
theless, the present study shows that these methods are
able to reproduce very well the exact results by mixing a
very reduced set of strongly correlated basis states.
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+
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IV. SUMMARY AND OUTLOOK
In this article, we have studied the performance of sev-
eral PGCM approximation schemes in reproducing the
exact eigenstates of the shell model Hamiltonian KB3G
in the pf -shell valence space. The PGCM is a versa-
tile variational method that includes beyond-mean-field
correlations through the configuration mixing of a set
symmetry-projected intrinsic states. In this work, the
intrinsic states considered are Bogolyubov quasi-particle
states that explore the quadrupole and the pairing de-
grees of freedom, and they have been generated by solv-
ing a series of constrained HFB or PNVAP equations.
We used the even and odd calcium isotopes in the pf -
shell valence space to benchmark the different PGCM
implementations. In general, we obtained a very good
qualitative and quantitative description of ground- and
excited-state exact energies. Furthermore, the use of PN-
VAP intrinsic states and the simultaneous exploration of
quadrupole and nn-pairing degrees of freedom improved
significantly the agreement with the shell model results,
especially in the odd systems.
We have also analyzed the PGCM correlated wave
functions in terms of the collective coordinates and their
occupation numbers. For the nucleus 48Ca, we have
found a very flat ground-state collective wave function
and sharply peaked excited-state collective wave func-
tions. These distributions seem to indicate that the
meaning of the collective degrees of freedom in these
isotopes and valence spaces is not as clear as in well-
deformed nuclei and no-core configuration spaces. Re-
cently, a similar conclusion has been drawn after analyz-
ing the (β2, γ) values and their variances extracted from
the Kumar invariants [55] in spherical isotopes. The non-
collective nature of the excitations in this isotopic chain
could nonetheless be reproduced by the present PGCM
implementations as the analysis of the occupation num-
bers pointed out.
Altogether, our PGCM calculations have demon-
strated that a very good approximation to the lowest
eigenstates of the shell-model Hamiltonian can be ob-
tained through the diagonalization of the aforementioned
Hamiltonian within the subspace spanned by a small set
of selected correlated wave functions instead of very large
J-coupled Slater determinant basis. This is in line with
the conclusions drawn in Refs. [56, 57] in the context of a
truncated configuration-interaction method. There were,
however, some discrepancies for some states belonging to
many-body Hilbert spaces with large dimensions (i.e. for
mid-shell isotopes). In those cases, the exploration of
additional degrees of freedom, such as the rotational fre-
quency or the explicit multi-quasi-particle excitations, in
the generation of the intrinsic states would be needed.
This is a work in progress.
It would certainly be interesting to extend the present
study by testing the quality of our variational approxima-
tions in a larger valence space that includes more than
a single harmonic oscillator shell. Finally, the role of
other pairing channels, in particular, the isoscalar and
isovector proton-neutron pairing degrees of freedom will
be studied in the near future.
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